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Large-scale optimization

We want to solve

min f(x) (P)

xeC

where C is a convex set of R, d > 1.
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Our objective

min f (z) (P)

= lterative methods: solve a series of subproblems to compute a sequence

Loy L1y X2y . L.

which approaches the solution z,.

m First-order methods: for large-scale problems, the algorithm has only cheap
access to first-order oracle

T (f(:c),Vf(x))

m In practice, f is not a black box: use problem structure to devise efficient
algorithms, with theoretical guarantees.

s Our approach: Bregman methods and relatively-smooth optimization.

V2f =< LV?h (Bauschke, Bolte, Teboulle, 2017)
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Outline

Bregman gradient methods and relative smoothness
Application to low-rank minimization
Theoretical complexity: lower bound and computer-aided analyses

Stochastic variants



Gradient descent

Lht+1 — Hc [xk — )\Vf(l[?k)] (GD)

A is the step size, Ilo denotes
projection on C.




Smoothness

: 1
Lk+1 = argrrclm fxk) + (Vf(zr),u —zk) + 5”“ — z)° (GD)
ue

GD iteratively minimizes a quadratic approximation of f: when is it accurate?

Smoothness assumption: if f has a L-Lipschitz continuous gradient, then for
every A € (0,1/L],

1

f) < flap) + (V@) u—ap) + orllu—

The quadratic model is an upper
approximation of f.
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Bregman gradient descent

Are we limited to a quadratic model? A more general method is

Ta1 = argenéin flxk) + (Vf(zr),u —xk) + %Dh(u, T) (BGD)

where
Dy(z,y) = h(z) — h(y) — (VI(y),z —y) 2 0

is the Bregman divergence induced by some strictly convex kernel function h
adapted to C.

Examples:
s Euclidean: h(z) = 1|z||*: then Dy(z,y) = ||z — yl|?,

s Entropy: h(z) = Y%, 2'log(z’) — 2, then Dy, = Dy, and (BGD) writes

Tr41 = Tk - exXp|—AV f(xp)],

Also called Mirror descent / NoLips...



Effect of Bregman divergence

Comparing the Bregman update with V f(xx) = (4,1) from different starting
points and kernel functions:
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Effect of Bregman divergence

(c) Euclidean

(d) Entropy
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Relative smoothness

N f(@) + (Vf(2),u— z) + LDy (u, )

(Bauschke, Bolte, Teboulle, 2017)
fu) >

f is L-smooth relative to the kernel function h if

flu) < f(x) +(Vf(x),u —x) + LDp(u, x).
For C? functions, equivalent to

V2f(x) = LV?h(z).

Similarly, relative strong convexity is defined as (Lu, Freund, Nesterov, 2018):

uN2h(z) < V2 f(x).
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Example of relatively-smooth function

Linear inverse problems with Poisson noise (Bauschke et al., 2017): let

beR™ AeRP*,

JE%@DKL[’ACC Zblog — Ajz 4 b

Applications in medical imaging, astronomy...

@ \|
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0.0

Figure 1: Example for d = 2

Standard smoothness does not hold
as the Hessian is singular when
A;x — 0, but relative smoothness
holds with
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Convergence guarantees

If f is L-smooth relative to h, then BGD with step size A = 1/L satisfies:

= If f is convex (Bauschke, Bolte, Teboulle, 2017):

LDp(xy, xo)
N

flzn) = f(zs) <
m If f is u-strongly convex relative to h (Lu, Freund, Nesterov 2018):

flon) — fa) < L(1- 1) D, o

= If f is non-convex (Bolte et al., 2018):

o the sequence {f(xx)} is nonincreasing,

o if C =R? and f satisfies the Kurdyka—Lojasiewicz property: the sequence
{x}} converges to a critical point.
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How to choose the kernel in practice?

Tpa1 = argnclin flxr) + (Vf(xk), u —xk) + %Dh(u, Tk) (BGD)
uc

We seek h such that

= the inner objective in (BGD) is a good approximation of f, the inequality
V2f(z) = LV?h(z)
holds as tightly as possible;

m the inner minimization problem can be solved easily.

There is often a tradeoff between these two goals!
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Outline

m Bregman gradient methods and relative smoothness
m Application to low-rank minimization

m Theoretical complexity: lower bound and computer-aided analyses

m Stochastic variants
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Non-convex low-rank minimization

- X x* xxt
min LXXT) +  g(X) [ } { }
XeRnXT N ~~ 7 N\ J/ % |: } —
differentiable error function nonsmooth penalty

r € N is the target rank, £ is a Li-smooth error function (typically a quadratic),
s Example: symmetric nonnegative matrix factorization

min || XX? — M]|? subject to X > 0.
Xe]RnXT

s f(X)=L(XX") is not globally smooth (typically quartic) — standard
Euclidean methods might not be adapted.

Objective

Design kernels h adapted to f by leveraging the quartic structure, and apply
Bregman proximal gradient method

X1 = argmin f(Xp) + (VF(Xe).U = Xi) + DU, Xi) +9(U)  (BPG)

1531



Two different kernels

The “simple” norm kernel

(87 O
hn(X) = X4+ Z )]

Proposition (D., d’Aspremont, Bolte, 2021): f is 1-smooth relative to h,, for
a, o high enough.

m Bregman update: easy (computing V F(X}) + simple scalar equation).

The “more refined” Gram kernel

o) I5; o
ho(X) = ZIX|4 + ZIXTXIP + 21X 2

Proposition (D., d’Aspremont, Bolte, 2021): f is 1-smooth relative to hg for
«, 3,0 high enough.

m Better approximation of f than h,, for well-conditionned L;
m Bregman update: harder. Computable only for unpenalized problems (g = 0) and requires
solving a subproblem of dimension r (the target rank).
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Experiments: Distance Matrix Completion

Recover the position of n points X7, ..., X in R" from an incomplete set of

pairwise distances
{dij = 1 X7 = X;1*1 (i, 5) € @}

. 2
min f(X)= ) (IIX:— X[ — dj) (EDMC)
X eRnXr (@J)GQ

Unconstrained problem: we compare the norm kernel h,, with the Gram kernel
ha.

Experiments on synthetic Helix
dataset with 10% known distances,
dimension r = 3.
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Experiments: Distance Matrix Completion

Dyn-NoLips Dyn-NoLips
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Figure 2: Experiments on Helix dataset
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Outline

m Bregman gradient methods and relative smoothness
m Application to low-rank minimization
m Theoretical complexity: lower bound and computer-aided analyses

m Stochastic variants
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The question of acceleration

We recall the convergence rate of BGD for relatively smooth convex functions

LDh(.I'*, :CO)

flxn) — flzs) < :

N

Is there an algorithm that does better ?

Algorithm Supplem.entary Convergence
assumptions rate
Accelerated gradient descent TR 5
(Nesterov, [1983) M) = 5l O(/N7)
Accelerated BGD (Auslender and | h is u-strongly convex and f 5
: O(1/N~*)
Teboulle, [2006)) Is L-smooth
Accerated BGD (Hendrikx et al., | h satisfies triangle scaling | Improved
2020; Hanzely et al., [2021)) inequality asymptotically

These assumptions are quite restrictive... What about the general case?
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A lower bound for relatively-smooth convex minimization

In the general case, the O(1/N) rate of BGD is optimal.

Theorem (D., Taylor, d’Aspremont, Bolte, 2021)

For every N > 1, there exists functions fn,hy : R?2VT! - R and 2, € R?VH!
such that

m fn is L-smooth relative to hy,

s for any Bregman first-order method A initialized at z(, after NV iterations
we have

LDy, (z, x0)

fu(en) = (@) 2 — 1

s Bregman first-order method: uses V f, Vh, VA*™ and linear operations.
m Additional assumptions are needed to achieve acceleration.

m Worst-case functions fn, hn are “nearly” nondifferentiable.
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Computer-aided analyses

Performance estimation: computing the worst-case behavior of a first-order
through optimization (Drori and Teboulle, 2014; Taylor et al., 2017).

Recall the convergence rate of BGD for f convex and L-smooth relative to h:

LDh<'CC>I<7 CCO)
N

flxn) — f(z4) <

Is this the best possible bound for generic f and h 7 What are the corresponding
worst-case functions ?

Performance Estimation Problem

maximize
subject to  h is a kernel (differentiable and strictly convex),
f is convex and L-smooth relative to h,

x1,...,xN are generated from xy by BGD with step size 1/L,

in the variables xq, ..., xN, x4, [, h.
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How to solve the PEP?

m Reduction to a finite-dimensional problem by replacing f, h with their discrete
representations at xg,...xy (Drori and Teboulle, 2014):

(fz', gi)
(i, 54)

(f(xi), V f(xi)),

m Equivalence with original problem is guaranteed by interpolation conditions
(Taylor et al., [2017)), which we extend to the relatively smooth setting.

x; # T == h; — hj — <Sj,ZCZ' — 33j> > 0, (Stl’iCt convexity of h)
Si # 8; = X; # Tj, (differentiability of h)

m The PEP is then equivalent to a finite-dimensional problem in
{(xi, fi, gi, hi, Si) }, with quadratic constraints: can be solved via semidefinite
programming.
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Results and insights

= The numerical value of the PEP is exactly L/N: the bound

LDh(x*a ZCO)

flzn) — fxs) < N

is tight in the worst case for BGD.

m Limiting nonsmooth behavior: the feasible set is not closed; the_suBremum
is reached as (f, h) approach some nonsmooth limiting functions (f,h).

Convex functions

//”/[’)’ifferentiable strictly convex functions

m With some modifications, discovered worst-case functions which are hard for
any Bregman method — general lower bound
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https://www.geogebra.org/classic/re5c2phw

The case of entropy

Joint work with D. Ostrovskii

The case of generic h is too hard: let us now focus on a particular kernel, the
entropy

d
he(z) = Z z'logx' — '
i=1
Performance Estimation Problem - entropic case

maximize  (f (zn) — f (x+) )/Dp, (2, o)
subject to  f is convex and L-smooth relative to h. (entropic-smooth),

x1,...,xN are generated from xg by BGD with step size 1/L,

in the variables xq, ..., xn, x4, [.

Not solvable yet (convex program on cone of pairwise Kullback-Leibler matrices)
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Outline

m Bregman gradient methods and relative smoothness
m Application to low-rank minimization
m Theoretical complexity: lower bound and computer-aided analyses

m Stochastic variants
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Bregman stochastic gradient descent

Joint work with Hadrien Hendrikx and Mathieu Even

min f(z) := E¢ [ fe(x)]

xeC
where functions f¢ are L-smooth and p-strongly convex relative to h.

Bregman SGD

, 1
Tl = argrrém (g, u — k) + XDh(u’ T),
ue

g = V fe (zr) for & such that E[gx]| = V f(zr).

Convergence rate: with A = 1/(2L),

2
o
E [Dy(a*, 1)) < (1— )" Dp(a”, ) + A .
R 2L P M
_ ~~ N~
linear convergence noise

Noise assumption: o is the variance of V fe(x*) “with respect to Bregman divergence” .
p ¢ g &

(P)
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Variance reduction

We now assume that the problem is a finite sum:
min
xeC f Z fz

where f; are L-smooth and p-strongly convex relative to h.

Variance reduction methods leverage the finite sum assumption to obtain fast convergence
rates (Schmidt et al, 2013 Johnson and Zhang, 2013; Defazio et al., 2014).

Bregman-SAGA

. 1
Tra1 = argmin (Gi, u — rg) + —Dp(u, zg)
ueC A
gy = Vi(aw) = > BiVfi(¢:)

contains previously computed gradients

Same situation as for acceleration: asymptotical convergence result under additional regularity
of h.
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Experiments: tomographic reconstruction problem

Inverse problem with Poisson noise

f(CIZ) = DKL(b, Aw),
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Perspectives

m Relatively-smooth optimization: emerging subject, with many applications
left to be explored;

Convex functions

" Differentiable strictly convex functions

Smooth strongly convex functions

= Algorithmic extensions (acceleration, variance reduction...): find the right
regularity properties;

m Adaptivity to improve practical performance.

Thank you!
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How to solve the PEP?

Performance Estimation Problem

maximize  (fn — fi)/(hs — ho — (S0, 2+ — Z0))
subject to  h is a kernel (differentiable and strictly convex),

f is convex and L-smooth relative to h,

f(zi) = fi, M(xi) = hiy Vf(2i) = gi, VI(x:) = 8; Viel,

x1,...,xN are generated from xg by BGD with step size 1/L,

In the variables {Cl??;, fi, h@', g;, Si}ieL f, h.

= Reduction to a finite-dimensional problem (Drori and Teboulle, 2014);
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How to solve the PEP?

Performance Estimation Problem

maximize  (fn — fi)/(hs — ho — (S0, 2+ — Z0))
subject to there exist f, h such that A is a kernel,

f is convex and L-smooth relative to A,
f(zs) = fi, h(zs) = hs, Vf(xs) = g5, VR(z;) =53 Viel

x1,...,xN are generated from zg by BGD with step size 1/L,

In the variables {CEQ;, fi7 hi, g;, Si}ie[-

= Reduction to a finite-dimensional problem (Drori and Teboulle, 2014);

m Equivalence with original problem is guaranteed by interpolation conditions;
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How to solve the entropic PEP ?

m Reduction to a finite-dimensional problem by replacing f with its discrete
representation

{(fis9:) h<i<n = {(f(x%)v vf(wi))hgigN'

m Equivalence with original problem is guaranteed by interpolation conditions,
which we extend to the entropic-smooth setting:

fi—f; —(g9j,xi —x;) > LDk, [%,%z’ O exp (gj ; gz)] Vi, j.

m The PEP is then equivalent to a finite-dimensional problem on a convex cone,
the Kullback-Leibler cone with log-linear constraints:

r \
deNand 21, ...z, € R?

such that 37| A;j;log(z;) =0,

~~

Ko (A) = ¢ {DKL(%@, xj)}

1<i,5<m

1=1...q

\ /

.. no known solver yet
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Bregman SGD - theoretical guarantees

Assume
| Sampling: gr. — Vfgk(xk) for some fk and Egk [gk] = Vf(xk),

m Variance:
Ee, [be‘k (vfﬁk(x*))] <o’

where P,(v) is the Bregman counterpart of ||v]|*:

P,(v) = —Dh* [Vh(z) — 2Xv, Vh(z)]

= Regularity: functions f¢ are L-smooth and p-strongly convex relative to h.

Theorem (D., Hendrikx, Even, 2021)

The iterates of Bregman SGD with step size A = 1/(2L) satisfy

2

« 2N
ED <(1—-=-)'D R
[ h(aj 75676)] —E 2L) h(aj :EO) + L
~ N
linear convergence noise
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Bregman-SAGA, theoretical guarantees

Assumption: gain function

There exists a gain function G such that for any z,y,v € R? and X € [-1,1],
Dy (3j + )\U,.CL') < G(ZC,y,’U))\2Dh* (y T Uay) .

(G determines the step size and convergence rate.

m h is quadratic: then G = 1, Bregman-SAGA rate is

AN
0(1—m1n<8—L,%>> .

= h* has Lipschitz Hessian (and extra local smoothness): with the right choice
of step size, Bregman-SAGA rate is

k
. i 1 .
1 — h 1 :
O( mm(SGkL,Qn)) with G, — 1 as k — oo

Asymptotical rate under additional regularity: same situation as for accelerated BGD (Hendrikx
et al., 2020; Hanzely et al., 2021)
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