Implicit Bias of Mirror Flow on Separable Data

Radu-Alexandru Dragomir (Télécom Paris)

with Scott Pesme and Nicolas Flammarion (EPFL)

EUROPT 2024, Lund

1/10



Setup

Logistic regression:

min L() = Zln (1 + e‘yi<5>xi>)

d
BER =il

points ; € R labels y; € {—1,+1}

2/10



Setup

Logistic regression:

min L(p) _Zln (1+€ Yi (B, xﬁ)

d
BER 1

points ; € R labels y; € {—1,+1}

Linear separability:

Theset Z={p" : y; (8%, x;) >0fori=1...n} is nonempty.

2/10



Setup

Logistic regression:

min L(B) = Zln (1+€ Yi (B, xﬁ)

d
BER 1

points ; € R labels y; € {—1,+1}

Linear separability:

Theset Z={p" : y; (8%, x;) >0fori=1...n} is nonempty.

The loss is minimized at infinity: lim, ., L(s8*) =0 for * €1

2/10



Setup

Logistic regression:

min L(B) = Zln (1+€ Yi (B, xﬁ)

d
BER 1

points ; € R labels y; € {—1,+1}

Linear separability:

Theset Z={p" : y; (8%, x;) >0fori=1...n} is nonempty.

The loss is minimized at infinity: lim, ., L(s8*) =0 for * €1

Mirror flow:

By = =V?6(8:) ' VL(B)

2/10



Setup

Logistic regression:

min L(B) = Zln (1 1 e ¥ilBs x@>)

d
BER 1

points ; € R labels y; € {—1,+1}
Linear separability:

Theset Z={p" : y; (8%, x;) >0fori=1...n} is nonempty.

The loss is minimized at infinity: lim, ., L(s8*) =0 for * €1

Mirror flow:

By = =V?¢(8:) "' VL(B:)
We expect L(5:) — 0 and || 8| — oo.

2/10



Setup

Logistic regression:

min L(B) = Zln (1+e yilh, x@>)

d
BER 1

points ; € R labels y; € {—1,+1}
Linear separability:

Theset Z={p" : y; (8%, x;) >0fori=1...n} is nonempty.

The loss is minimized at infinity: lim, ., L(s8*) =0 for * €1
Mirror flow:

By = =V2¢(8;) " VL(By)
We expect L(5:) — 0 and || 8| — oo.

What is the directional limit /3 of ” ” ?

2/10



Setup

Logistic regression:

min L(B) = Zln (1+€ Yi (B, xﬁ)

d
BER 1

points ; € R labels y; € {—1,+1}
Linear separability:

Theset Z={p" : y; (8%, x;) >0fori=1...n} is nonempty.

The loss is minimized at infinity: lim, ., L(s8*) =0 for * €1
Mirror flow:

By = =V?¢(8:) "' VL(B:)
We expect L(5:) — 0 and || 8| — oo.

What is the directional limit /3 of ?

|| ||
Many possible limit directions in Z. Which one is preferred by the algorithm?
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m Least squares regression, mirror flow: [Gunasekar et al., ICML 2018]

L(B) = | XT8 —yl?, B:=—V?¢(8:) 'VL(B)

Then 3; — [Byne where L B
point

Bur = argmin { Dg(6, Bo) : B* € I} v S

. i‘ *—
(Dy: Bregman divergence) Bor  Pyr
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Implicit bias for classification

min L(8) = Zln (14 e7wB=) (g (pa 21, Vi)
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The iterates (3; diverge: what is their directional limit?

m Gradient flow [Soudry et al., JMLR 2018]: ||B T Bar where
Bar o argmin { ||8*|l2 : B* € I} — max-margin classifier (SVM)
m Mirror flow: our work. Hg—zH — Byr Where

BumE o argmin { boo(BT) : BT € I} — Poo-max margin classifier

¢ horizon function of ¢ (limit of ¢ “at infinity")
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.

B = —V?¢(8:) "' VL(B)

Potential function ¢ is

= strictly convex and C? on R? (full domain),

m coercive and has coercive gradients.

Motivation: reparametrized problems 3 = F'(0)
Gradient flow on § — L(F'(#)) <  Mirror flow on 8 — L(5)

Example: 8 = u ® v ("diagonal neural networks")

Gradient flow on L(u ® v) <> mirror flow on L(3)
with hyperbolic potential

<::>*<::>\\3<ind
P(B) = Zj: <5iarC5i”h(5i) — \/m) v € RY 8:O>

V = diag(v) € R¥¢
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Horizon function: geometric construction

Sub-level sets g Normalised S cs S A
c3 Sub-level sets oo

Se={B: ¢(B) < ¢} Sc = S/ max || B]|

BeSe

We say that ¢ admits a horizon if S, converges to a set S, as ¢ — oo.

Horizon function: Minkowsk: gauge of S

bos(B) = inf{r >0 : 2

r

€ Soo}

O IS 1-homogenous and its level sets are \S,, for A > 0.
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Does ¢ always admit a horizon? Yes, for all reasonable functions (or tame).

If ¢ is definable in a o-minimal structure, then it admits a horizon.

E.g. semianalytic, globally subanalytic, log-exp. This includes polynomials, power functions, exp,
log, and reasonable combinations of those...

Explicit formula for separable potentials

If $(8) = 2%, h(B;) with k. : R — R tame and even,

boo(B) o lim =1 [¢(3B)

S—00 8§
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Main result

1=1
Theorem

The mirror flow iterates converge in direction towards 3 satisfying

B o argmin { . (8*) : B* € T}

(provided that ¢ admits a horizon and that the argmin is nonempty)

Application: hyperbolic potential

1

d
= Z (@;arcsinh(ﬁi) — £/ B+ 1)
i=1

Poo(B) o< [|B]Iy

Implicit bias towards sparsity in diagonal neural nets

(known result, different proof)
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S.={8: ¢(B) < ¢} Se =S¢/ max || 5]

m Building an understanding of optimization at infinity through horizon
function.

m Convergence rates? Degenerate case?

= Strong assumptions: ¢ is defined everywhere and coercive (excludes

—log(B), Blog(B), —v/B.-.)

Thank you ! (paper out on arXiv:2406.12763)
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