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with Scott Pesme and Nicolas Flammarion (EPFL)

EUROPT 2024, Lund

1/10



Setup

Logistic regression:

min
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L(β) =
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ln
(
1 + e−yi⟨β,xi⟩

)
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Mirror flow:
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We expect L(βt) → 0 and ∥βt∥ → ∞.

What is the directional limit β̄ of βt
∥βt∥ ?

Many possible limit directions in I. Which one is preferred by the algorithm?
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Implicit bias for regression

■ Least squares regression, gradient flow: [Lemaire 1996]

L(β) = ∥XTβ − y∥2, β̇t = −∇L(βt)
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■ Least squares regression, mirror flow: [Gunasekar et al., ICML 2018]

L(β) = ∥XTβ − y∥2, β̇t = −∇2ϕ(βt)
−1∇L(βt)

Then βt → β̄MF where

β̄MF = argmin
{
Dϕ(β

∗, β0) : β∗ ∈ I
}

(Dϕ: Bregman divergence)
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Implicit bias for classification

min
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■ Gradient flow [Soudry et al., JMLR 2018]: βt
∥βt∥ → β̄GF where

β̄GF ∝ argmin
{
∥β∗∥2 : β∗ ∈ I

}
→ max-margin classifier (SVM)

■ Mirror flow: our work. βt
∥βt∥ → β̄MF where

β̄MF ∝ argmin
{
ϕ∞(β∗) : β∗ ∈ I

}
→ ϕ∞-max margin classifier

ϕ∞: horizon function of ϕ (limit of ϕ “at infinity”)
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■ strictly convex and C2 on Rd (full domain),

■ coercive and has coercive gradients.

Motivation: reparametrized problems β = F (θ)

Gradient flow on θ 7→ L(F (θ)) ⇔ Mirror flow on β 7→ L(β)

Example: β = u⊙ v (“diagonal neural networks”)

Gradient flow on L(u ⊙ v) ⇔ mirror flow on L(β)

with hyperbolic potential

ϕ(β) =

d∑
i=1

(
βiarcsinh(βi) −

√
β2
i + 1

)
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Homogenous or not?

Hyperbolic potential: not homogenous

ϕ(β) =
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i=1

(
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√
β2
i + 1
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Horizon function: geometric construction

Sc = {β : ϕ(β) ≤ c} S̄c = Sc/max
β∈Sc

∥β∥

We say that ϕ admits a horizon if S̄c converges to a set S∞ as c → ∞.

Horizon function: Minkowski gauge of S∞

ϕ∞(β) = inf{r > 0 :
β

r
∈ S∞}

ϕ∞ is 1-homogenous and its level sets are λS∞ for λ > 0.
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Horizon function: illustration and conditions for existence
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Horizon function: illustration and conditions for existence
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<latexit sha1_base64="qISbHSCugKVLDYtdil89TsJuJEU=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWAR2k1I1NZmIRTduKxgH9DEMplO2qGTBzMTocQu/BU3LhRx62+482+cthFU9MCFwzn3cu89XsyokKb5oeUWFpeWV/KrhbX1jc0tfXunJaKEY9LEEYt4x0OCMBqSpqSSkU7MCQo8Rtre6GLqt28JFzQKr+U4Jm6ABiH1KUZSST19z4mH9CYtWeVJyfGIRGV4Bi2zpxdNw65VKscmNA1zBkVs27aqFWhlShFkaPT0d6cf4SQgocQMCdG1zFi6KeKSYkYmBScRJEZ4hAakq2iIAiLcdHb/BB4qpQ/9iKsKJZyp3ydSFAgxDjzVGSA5FL+9qfiX102kX3NTGsaJJCGeL/ITBmUEp2HAPuUESzZWBGFO1a0QDxFHWKrICiqEr0/h/6R1ZFhVo3p1UqyfZ3HkwT44ACVggVNQB5egAZoAgzvwAJ7As3avPWov2uu8NadlM7vgB7S3T2vrlHM=</latexit>

�(1)(�) = 10
<latexit sha1_base64="UAs+ToXtMwtZPls/3mGgkq7A9WM=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxCuwlJtbVZCEU3LivYBzSxTKaTdujkwcxEKLELf8WNC0Xc+hvu/BunbQQVPXDhcM693HuPFzMqpGl+aAuLS8srq7m1/PrG5ta2vrPbElHCMWniiEW84yFBGA1JU1LJSCfmBAUeI21vdDH127eECxqF13IcEzdAg5D6FCOppJ6+78RDepMWy6VJ0fGIRCV4Bi2zpxdMw65VKscmNA1zBkVs27aqFWhlSgFkaPT0d6cf4SQgocQMCdG1zFi6KeKSYkYmeScRJEZ4hAakq2iIAiLcdHb/BB4ppQ/9iKsKJZyp3ydSFAgxDjzVGSA5FL+9qfiX102kX3NTGsaJJCGeL/ITBmUEp2HAPuUESzZWBGFO1a0QDxFHWKrI8iqEr0/h/6RVNqyqUb06KdTPszhy4AAcgiKwwCmog0vQAE2AwR14AE/gWbvXHrUX7XXeuqBlM3vgB7S3T219lHQ=</latexit>

�(2)(�) = 10

<latexit sha1_base64="YCg6ZWqRej/sUIYOncrnXHSUuCE=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQbkISa9uNUHTjsoJ9QBPLZDpph04ezEyEEgr+ihsXirj1O9z5N07aCCp64MLhnHu59x4vZlRI0/zQlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut7kMvO7d4QLGoU3choTN0CjkPoUI6mkgX7oxGN6m5atyqzseESiCjyH1kAvmUatap/aZ9A0zDkyYtmNeh1auVICOVoD/d0ZRjgJSCgxQ0L0LTOWboq4pJiRWdFJBIkRnqAR6SsaooAIN52fP4MnShlCP+KqQgnn6veJFAVCTANPdQZIjsVvLxP/8vqJ9BtuSsM4kSTEi0V+wqCMYJYFHFJOsGRTRRDmVN0K8RhxhKVKrKhC+PoU/k86tmHVjNp1tdS8yOMogCNwDMrAAnXQBFegBdoAgxQ8gCfwrN1rj9qL9rpoXdLymQPwA9rbJ9eblCM=</latexit>

�(1)(�) = 1
<latexit sha1_base64="43VoRGUcTtS2z1af11sYCNMRHn0=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQbkISa9uNUHTjsoJ9QBPLZDpph04ezEyEEgr+ihsXirj1O9z5N07aCCp64MLhnHu59x4vZlRI0/zQlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut7kMvO7d4QLGoU3choTN0CjkPoUI6mkgX7oxGN6m5btyqzseESiCjyH1kAvmUatap/aZ9A0zDkyYtmNeh1auVICOVoD/d0ZRjgJSCgxQ0L0LTOWboq4pJiRWdFJBIkRnqAR6SsaooAIN52fP4MnShlCP+KqQgnn6veJFAVCTANPdQZIjsVvLxP/8vqJ9BtuSsM4kSTEi0V+wqCMYJYFHFJOsGRTRRDmVN0K8RhxhKVKrKhC+PoU/k86tmHVjNp1tdS8yOMogCNwDMrAAnXQBFegBdoAgxQ8gCfwrN1rj9qL9rpoXdLymQPwA9rbJ9kslCQ=</latexit>

�(2)(�) = 1

<latexit sha1_base64="ocvh9KW6RCw0Q4HBQICZ54I/R8A=">AAACAHicdVC7SgNBFJ31GeNr1cLCZjAISRNmg+ZRCEEbywjmAdk1zE5mkyGzD2ZmhbBs46/YWChi62fY+TdOkhVU9MCFwzn3cu89bsSZVAh9GEvLK6tr67mN/ObW9s6uubffkWEsCG2TkIei52JJOQtoWzHFaS8SFPsup113cjnzu3dUSBYGN2oaUcfHo4B5jGClpYF5aEdjdpsUK6W0aLtU4RI8hxZCA7OAymgOqImFamcVTRqNutWoQyuzCiBDa2C+28OQxD4NFOFYyr6FIuUkWChGOE3zdixphMkEj2hf0wD7VDrJ/IEUnmhlCL1Q6AoUnKvfJxLsSzn1Xd3pYzWWv72Z+JfXj5VXdxIWRLGiAVks8mIOVQhnacAhE5QoPtUEE8H0rZCMscBE6czyOoSvT+H/pFMpW9Vy9fq00LzI4siBI3AMisACNdAEV6AF2oCAFDyAJ/Bs3BuPxovxumhdMrKZA/ADxtsn0hqUpA==</latexit>

�(2)(�) = 100

<latexit sha1_base64="tAb008MqjVuVkrdrPb/J2f1gOf4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHjrxUDymJe9s0i0U3bI7A1kmXkaKkKHWLXx1ehFLQq6QSWpM23Nj9FOqUTDJJ/lOYnhM2YgOeNtSRUNu/HR28YScWqVH+pG2pZDM1N8TKQ2NGYeB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMn2f9ITmDOXYEsq0sLcSNqSaMrQh5W0I3uLLy6RxXvYq5crdRbF6ncWRg2M4gRJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfOtJBe</latexit>

�(1)
<latexit sha1_base64="Y7b00tj2Q5gPbGep8eRZW7I4jcw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx6MVjBfuB7VqyabYNTbJLkhXK0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kMvHrHHtFw9n/aLJbfizoFWiZeREmRo9ItfvUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3iKzqwyQGGkbEmD5urviRQLrScisJ0Cm5Fe9mbif143MeGVnzIZJ4ZKslgUJhyZCM3eRwOmKDF8YgkmitlbERlhhYmxIRVsCN7yy6ukVa14tUrt7qJUv87iyMMJnEIZPLiEOtxCA5pAQMIzvMKbo50X5935WLTmnGzmGP7A+fwB0DqQXw==</latexit>

�(2)
<latexit sha1_base64="jZfVO+lmxGJHDLYH9cwrOFum20o=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSpHosevFYwX5AG8Nmu2mXbjZhd6KE2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+TFnCmz72yisrW9sbhW3Szu7e/sHZvmwo6JEEtomEY9kz8eKciZoGxhw2oslxaHPadefXM/87gOVikXiDtKYuiEeCRYwgkFLnlkexGN2n1XrZ1NvwEQAqWdW7Jo9h7VKnJxUUI6WZ34NhhFJQiqAcKxU37FjcDMsgRFOp6VBomiMyQSPaF9TgUOq3Gx++tQ61crQCiKpS4A1V39PZDhUKg193RliGKtlbyb+5/UTCC7djIk4ASrIYlGQcAsia5aDNWSSEuCpJphIpm+1yBhLTECnVdIhOMsvr5JOveY0ao3b80rzKo+jiI7RCaoiB12gJrpBLdRGBD2iZ/SK3own48V4Nz4WrQUjnzlCf2B8/gDO7ZO7</latexit>

�(2)
1

<latexit sha1_base64="2WRFCdcR5M3SxKdWoGwkk0LdEgc=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSLUS0lEqseiF48V7Ac0MWy2m3bpZhN2N0qI/SlePCji1V/izX/jts1BWx8MPN6bYWZekDAqlW1/Gyura+sbm6Wt8vbO7t6+WTnoyDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDcYX0/97gMRksb8TmUJ8SI05DSkGCkt+WbFTUb0Pq85pxPfpTxUmW9W7bo9g7VMnIJUoUDLN7/cQYzTiHCFGZKy79iJ8nIkFMWMTMpuKkmC8BgNSV9TjiIivXx2+sQ60crACmOhiytrpv6eyFEkZRYFujNCaiQXvan4n9dPVXjp5ZQnqSIczxeFKbNUbE1zsAZUEKxYpgnCgupbLTxCAmGl0yrrEJzFl5dJ56zuNOqN2/Nq86qIowRHcAw1cOACmnADLWgDhkd4hld4M56MF+Pd+Ji3rhjFzCH8gfH5A81gk7o=</latexit>

�(1)
1

Does ϕ always admit a horizon?
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Horizon function: illustration and conditions for existence

<latexit sha1_base64="mc25pIqjXtMZbWl6y4FttCHzhZo=">AAACAHicdVC7SgNBFJ31GeNr1cLCZjAISRN2guZRCEEbywjmAdk1zE5mkyGzD2ZmhbBs46/YWChi62fY+TdOkhVU9MCFwzn3cu89bsSZVJb1YSwtr6yurec28ptb2zu75t5+R4axILRNQh6Knosl5SygbcUUp71IUOy7nHbdyeXM795RIVkY3KhpRB0fjwLmMYKVlgbmoR2N2W1SRKW0aLtU4RI8h8iyBmbBKltzQE2QVTuraNJo1FGjDlFmFUCG1sB8t4chiX0aKMKxlH1kRcpJsFCMcJrm7VjSCJMJHtG+pgH2qXSS+QMpPNHKEHqh0BUoOFe/TyTYl3Lqu7rTx2osf3sz8S+vHyuv7iQsiGJFA7JY5MUcqhDO0oBDJihRfKoJJoLpWyEZY4GJ0pnldQhfn8L/SadSRtVy9fq00LzI4siBI3AMigCBGmiCK9ACbUBACh7AE3g27o1H48V4XbQuGdnMAfgB4+0T0IeUow==</latexit>

�(1)(�) = 100

<latexit sha1_base64="qISbHSCugKVLDYtdil89TsJuJEU=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWAR2k1I1NZmIRTduKxgH9DEMplO2qGTBzMTocQu/BU3LhRx62+482+cthFU9MCFwzn3cu89XsyokKb5oeUWFpeWV/KrhbX1jc0tfXunJaKEY9LEEYt4x0OCMBqSpqSSkU7MCQo8Rtre6GLqt28JFzQKr+U4Jm6ABiH1KUZSST19z4mH9CYtWeVJyfGIRGV4Bi2zpxdNw65VKscmNA1zBkVs27aqFWhlShFkaPT0d6cf4SQgocQMCdG1zFi6KeKSYkYmBScRJEZ4hAakq2iIAiLcdHb/BB4qpQ/9iKsKJZyp3ydSFAgxDjzVGSA5FL+9qfiX102kX3NTGsaJJCGeL/ITBmUEp2HAPuUESzZWBGFO1a0QDxFHWKrICiqEr0/h/6R1ZFhVo3p1UqyfZ3HkwT44ACVggVNQB5egAZoAgzvwAJ7As3avPWov2uu8NadlM7vgB7S3T2vrlHM=</latexit>

�(1)(�) = 10
<latexit sha1_base64="UAs+ToXtMwtZPls/3mGgkq7A9WM=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxCuwlJtbVZCEU3LivYBzSxTKaTdujkwcxEKLELf8WNC0Xc+hvu/BunbQQVPXDhcM693HuPFzMqpGl+aAuLS8srq7m1/PrG5ta2vrPbElHCMWniiEW84yFBGA1JU1LJSCfmBAUeI21vdDH127eECxqF13IcEzdAg5D6FCOppJ6+78RDepMWy6VJ0fGIRCV4Bi2zpxdMw65VKscmNA1zBkVs27aqFWhlSgFkaPT0d6cf4SQgocQMCdG1zFi6KeKSYkYmeScRJEZ4hAakq2iIAiLcdHb/BB4ppQ/9iKsKJZyp3ydSFAgxDjzVGSA5FL+9qfiX102kX3NTGsaJJCGeL/ITBmUEp2HAPuUESzZWBGFO1a0QDxFHWKrI8iqEr0/h/6RVNqyqUb06KdTPszhy4AAcgiKwwCmog0vQAE2AwR14AE/gWbvXHrUX7XXeuqBlM3vgB7S3T219lHQ=</latexit>

�(2)(�) = 10

<latexit sha1_base64="YCg6ZWqRej/sUIYOncrnXHSUuCE=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQbkISa9uNUHTjsoJ9QBPLZDpph04ezEyEEgr+ihsXirj1O9z5N07aCCp64MLhnHu59x4vZlRI0/zQlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut7kMvO7d4QLGoU3choTN0CjkPoUI6mkgX7oxGN6m5atyqzseESiCjyH1kAvmUatap/aZ9A0zDkyYtmNeh1auVICOVoD/d0ZRjgJSCgxQ0L0LTOWboq4pJiRWdFJBIkRnqAR6SsaooAIN52fP4MnShlCP+KqQgnn6veJFAVCTANPdQZIjsVvLxP/8vqJ9BtuSsM4kSTEi0V+wqCMYJYFHFJOsGRTRRDmVN0K8RhxhKVKrKhC+PoU/k86tmHVjNp1tdS8yOMogCNwDMrAAnXQBFegBdoAgxQ8gCfwrN1rj9qL9rpoXdLymQPwA9rbJ9eblCM=</latexit>

�(1)(�) = 1
<latexit sha1_base64="43VoRGUcTtS2z1af11sYCNMRHn0=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQbkISa9uNUHTjsoJ9QBPLZDpph04ezEyEEgr+ihsXirj1O9z5N07aCCp64MLhnHu59x4vZlRI0/zQlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut7kMvO7d4QLGoU3choTN0CjkPoUI6mkgX7oxGN6m5btyqzseESiCjyH1kAvmUatap/aZ9A0zDkyYtmNeh1auVICOVoD/d0ZRjgJSCgxQ0L0LTOWboq4pJiRWdFJBIkRnqAR6SsaooAIN52fP4MnShlCP+KqQgnn6veJFAVCTANPdQZIjsVvLxP/8vqJ9BtuSsM4kSTEi0V+wqCMYJYFHFJOsGRTRRDmVN0K8RhxhKVKrKhC+PoU/k86tmHVjNp1tdS8yOMogCNwDMrAAnXQBFegBdoAgxQ8gCfwrN1rj9qL9rpoXdLymQPwA9rbJ9kslCQ=</latexit>

�(2)(�) = 1

<latexit sha1_base64="ocvh9KW6RCw0Q4HBQICZ54I/R8A=">AAACAHicdVC7SgNBFJ31GeNr1cLCZjAISRNmg+ZRCEEbywjmAdk1zE5mkyGzD2ZmhbBs46/YWChi62fY+TdOkhVU9MCFwzn3cu89bsSZVAh9GEvLK6tr67mN/ObW9s6uubffkWEsCG2TkIei52JJOQtoWzHFaS8SFPsup113cjnzu3dUSBYGN2oaUcfHo4B5jGClpYF5aEdjdpsUK6W0aLtU4RI8hxZCA7OAymgOqImFamcVTRqNutWoQyuzCiBDa2C+28OQxD4NFOFYyr6FIuUkWChGOE3zdixphMkEj2hf0wD7VDrJ/IEUnmhlCL1Q6AoUnKvfJxLsSzn1Xd3pYzWWv72Z+JfXj5VXdxIWRLGiAVks8mIOVQhnacAhE5QoPtUEE8H0rZCMscBE6czyOoSvT+H/pFMpW9Vy9fq00LzI4siBI3AMisACNdAEV6AF2oCAFDyAJ/Bs3BuPxovxumhdMrKZA/ADxtsn0hqUpA==</latexit>

�(2)(�) = 100

<latexit sha1_base64="tAb008MqjVuVkrdrPb/J2f1gOf4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHjrxUDymJe9s0i0U3bI7A1kmXkaKkKHWLXx1ehFLQq6QSWpM23Nj9FOqUTDJJ/lOYnhM2YgOeNtSRUNu/HR28YScWqVH+pG2pZDM1N8TKQ2NGYeB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMn2f9ITmDOXYEsq0sLcSNqSaMrQh5W0I3uLLy6RxXvYq5crdRbF6ncWRg2M4gRJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfOtJBe</latexit>

�(1)
<latexit sha1_base64="Y7b00tj2Q5gPbGep8eRZW7I4jcw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx6MVjBfuB7VqyabYNTbJLkhXK0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kMvHrHHtFw9n/aLJbfizoFWiZeREmRo9ItfvUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3iKzqwyQGGkbEmD5urviRQLrScisJ0Cm5Fe9mbif143MeGVnzIZJ4ZKslgUJhyZCM3eRwOmKDF8YgkmitlbERlhhYmxIRVsCN7yy6ukVa14tUrt7qJUv87iyMMJnEIZPLiEOtxCA5pAQMIzvMKbo50X5935WLTmnGzmGP7A+fwB0DqQXw==</latexit>

�(2)
<latexit sha1_base64="jZfVO+lmxGJHDLYH9cwrOFum20o=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSpHosevFYwX5AG8Nmu2mXbjZhd6KE2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+TFnCmz72yisrW9sbhW3Szu7e/sHZvmwo6JEEtomEY9kz8eKciZoGxhw2oslxaHPadefXM/87gOVikXiDtKYuiEeCRYwgkFLnlkexGN2n1XrZ1NvwEQAqWdW7Jo9h7VKnJxUUI6WZ34NhhFJQiqAcKxU37FjcDMsgRFOp6VBomiMyQSPaF9TgUOq3Gx++tQ61crQCiKpS4A1V39PZDhUKg193RliGKtlbyb+5/UTCC7djIk4ASrIYlGQcAsia5aDNWSSEuCpJphIpm+1yBhLTECnVdIhOMsvr5JOveY0ao3b80rzKo+jiI7RCaoiB12gJrpBLdRGBD2iZ/SK3own48V4Nz4WrQUjnzlCf2B8/gDO7ZO7</latexit>

�(2)
1

<latexit sha1_base64="2WRFCdcR5M3SxKdWoGwkk0LdEgc=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSLUS0lEqseiF48V7Ac0MWy2m3bpZhN2N0qI/SlePCji1V/izX/jts1BWx8MPN6bYWZekDAqlW1/Gyura+sbm6Wt8vbO7t6+WTnoyDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDcYX0/97gMRksb8TmUJ8SI05DSkGCkt+WbFTUb0Pq85pxPfpTxUmW9W7bo9g7VMnIJUoUDLN7/cQYzTiHCFGZKy79iJ8nIkFMWMTMpuKkmC8BgNSV9TjiIivXx2+sQ60crACmOhiytrpv6eyFEkZRYFujNCaiQXvan4n9dPVXjp5ZQnqSIczxeFKbNUbE1zsAZUEKxYpgnCgupbLTxCAmGl0yrrEJzFl5dJ56zuNOqN2/Nq86qIowRHcAw1cOACmnADLWgDhkd4hld4M56MF+Pd+Ji3rhjFzCH8gfH5A81gk7o=</latexit>

�(1)
1

Does ϕ always admit a horizon? Yes, for all reasonable functions (or tame).
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Horizon function: illustration and conditions for existence

<latexit sha1_base64="mc25pIqjXtMZbWl6y4FttCHzhZo=">AAACAHicdVC7SgNBFJ31GeNr1cLCZjAISRN2guZRCEEbywjmAdk1zE5mkyGzD2ZmhbBs46/YWChi62fY+TdOkhVU9MCFwzn3cu89bsSZVJb1YSwtr6yurec28ptb2zu75t5+R4axILRNQh6Knosl5SygbcUUp71IUOy7nHbdyeXM795RIVkY3KhpRB0fjwLmMYKVlgbmoR2N2W1SRKW0aLtU4RI8h8iyBmbBKltzQE2QVTuraNJo1FGjDlFmFUCG1sB8t4chiX0aKMKxlH1kRcpJsFCMcJrm7VjSCJMJHtG+pgH2qXSS+QMpPNHKEHqh0BUoOFe/TyTYl3Lqu7rTx2osf3sz8S+vHyuv7iQsiGJFA7JY5MUcqhDO0oBDJihRfKoJJoLpWyEZY4GJ0pnldQhfn8L/SadSRtVy9fq00LzI4siBI3AMigCBGmiCK9ACbUBACh7AE3g27o1H48V4XbQuGdnMAfgB4+0T0IeUow==</latexit>

�(1)(�) = 100

<latexit sha1_base64="qISbHSCugKVLDYtdil89TsJuJEU=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWAR2k1I1NZmIRTduKxgH9DEMplO2qGTBzMTocQu/BU3LhRx62+482+cthFU9MCFwzn3cu89XsyokKb5oeUWFpeWV/KrhbX1jc0tfXunJaKEY9LEEYt4x0OCMBqSpqSSkU7MCQo8Rtre6GLqt28JFzQKr+U4Jm6ABiH1KUZSST19z4mH9CYtWeVJyfGIRGV4Bi2zpxdNw65VKscmNA1zBkVs27aqFWhlShFkaPT0d6cf4SQgocQMCdG1zFi6KeKSYkYmBScRJEZ4hAakq2iIAiLcdHb/BB4qpQ/9iKsKJZyp3ydSFAgxDjzVGSA5FL+9qfiX102kX3NTGsaJJCGeL/ITBmUEp2HAPuUESzZWBGFO1a0QDxFHWKrICiqEr0/h/6R1ZFhVo3p1UqyfZ3HkwT44ACVggVNQB5egAZoAgzvwAJ7As3avPWov2uu8NadlM7vgB7S3T2vrlHM=</latexit>

�(1)(�) = 10
<latexit sha1_base64="UAs+ToXtMwtZPls/3mGgkq7A9WM=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxCuwlJtbVZCEU3LivYBzSxTKaTdujkwcxEKLELf8WNC0Xc+hvu/BunbQQVPXDhcM693HuPFzMqpGl+aAuLS8srq7m1/PrG5ta2vrPbElHCMWniiEW84yFBGA1JU1LJSCfmBAUeI21vdDH127eECxqF13IcEzdAg5D6FCOppJ6+78RDepMWy6VJ0fGIRCV4Bi2zpxdMw65VKscmNA1zBkVs27aqFWhlSgFkaPT0d6cf4SQgocQMCdG1zFi6KeKSYkYmeScRJEZ4hAakq2iIAiLcdHb/BB4ppQ/9iKsKJZyp3ydSFAgxDjzVGSA5FL+9qfiX102kX3NTGsaJJCGeL/ITBmUEp2HAPuUESzZWBGFO1a0QDxFHWKrI8iqEr0/h/6RVNqyqUb06KdTPszhy4AAcgiKwwCmog0vQAE2AwR14AE/gWbvXHrUX7XXeuqBlM3vgB7S3T219lHQ=</latexit>

�(2)(�) = 10

<latexit sha1_base64="YCg6ZWqRej/sUIYOncrnXHSUuCE=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQbkISa9uNUHTjsoJ9QBPLZDpph04ezEyEEgr+ihsXirj1O9z5N07aCCp64MLhnHu59x4vZlRI0/zQlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut7kMvO7d4QLGoU3choTN0CjkPoUI6mkgX7oxGN6m5atyqzseESiCjyH1kAvmUatap/aZ9A0zDkyYtmNeh1auVICOVoD/d0ZRjgJSCgxQ0L0LTOWboq4pJiRWdFJBIkRnqAR6SsaooAIN52fP4MnShlCP+KqQgnn6veJFAVCTANPdQZIjsVvLxP/8vqJ9BtuSsM4kSTEi0V+wqCMYJYFHFJOsGRTRRDmVN0K8RhxhKVKrKhC+PoU/k86tmHVjNp1tdS8yOMogCNwDMrAAnXQBFegBdoAgxQ8gCfwrN1rj9qL9rpoXdLymQPwA9rbJ9eblCM=</latexit>

�(1)(�) = 1
<latexit sha1_base64="43VoRGUcTtS2z1af11sYCNMRHn0=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQbkISa9uNUHTjsoJ9QBPLZDpph04ezEyEEgr+ihsXirj1O9z5N07aCCp64MLhnHu59x4vZlRI0/zQlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut7kMvO7d4QLGoU3choTN0CjkPoUI6mkgX7oxGN6m5btyqzseESiCjyH1kAvmUatap/aZ9A0zDkyYtmNeh1auVICOVoD/d0ZRjgJSCgxQ0L0LTOWboq4pJiRWdFJBIkRnqAR6SsaooAIN52fP4MnShlCP+KqQgnn6veJFAVCTANPdQZIjsVvLxP/8vqJ9BtuSsM4kSTEi0V+wqCMYJYFHFJOsGRTRRDmVN0K8RhxhKVKrKhC+PoU/k86tmHVjNp1tdS8yOMogCNwDMrAAnXQBFegBdoAgxQ8gCfwrN1rj9qL9rpoXdLymQPwA9rbJ9kslCQ=</latexit>

�(2)(�) = 1

<latexit sha1_base64="ocvh9KW6RCw0Q4HBQICZ54I/R8A=">AAACAHicdVC7SgNBFJ31GeNr1cLCZjAISRNmg+ZRCEEbywjmAdk1zE5mkyGzD2ZmhbBs46/YWChi62fY+TdOkhVU9MCFwzn3cu89bsSZVAh9GEvLK6tr67mN/ObW9s6uubffkWEsCG2TkIei52JJOQtoWzHFaS8SFPsup113cjnzu3dUSBYGN2oaUcfHo4B5jGClpYF5aEdjdpsUK6W0aLtU4RI8hxZCA7OAymgOqImFamcVTRqNutWoQyuzCiBDa2C+28OQxD4NFOFYyr6FIuUkWChGOE3zdixphMkEj2hf0wD7VDrJ/IEUnmhlCL1Q6AoUnKvfJxLsSzn1Xd3pYzWWv72Z+JfXj5VXdxIWRLGiAVks8mIOVQhnacAhE5QoPtUEE8H0rZCMscBE6czyOoSvT+H/pFMpW9Vy9fq00LzI4siBI3AMisACNdAEV6AF2oCAFDyAJ/Bs3BuPxovxumhdMrKZA/ADxtsn0hqUpA==</latexit>

�(2)(�) = 100

<latexit sha1_base64="tAb008MqjVuVkrdrPb/J2f1gOf4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHjrxUDymJe9s0i0U3bI7A1kmXkaKkKHWLXx1ehFLQq6QSWpM23Nj9FOqUTDJJ/lOYnhM2YgOeNtSRUNu/HR28YScWqVH+pG2pZDM1N8TKQ2NGYeB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMn2f9ITmDOXYEsq0sLcSNqSaMrQh5W0I3uLLy6RxXvYq5crdRbF6ncWRg2M4gRJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfOtJBe</latexit>

�(1)
<latexit sha1_base64="Y7b00tj2Q5gPbGep8eRZW7I4jcw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx6MVjBfuB7VqyabYNTbJLkhXK0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kMvHrHHtFw9n/aLJbfizoFWiZeREmRo9ItfvUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3iKzqwyQGGkbEmD5urviRQLrScisJ0Cm5Fe9mbif143MeGVnzIZJ4ZKslgUJhyZCM3eRwOmKDF8YgkmitlbERlhhYmxIRVsCN7yy6ukVa14tUrt7qJUv87iyMMJnEIZPLiEOtxCA5pAQMIzvMKbo50X5935WLTmnGzmGP7A+fwB0DqQXw==</latexit>

�(2)
<latexit sha1_base64="jZfVO+lmxGJHDLYH9cwrOFum20o=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSpHosevFYwX5AG8Nmu2mXbjZhd6KE2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+TFnCmz72yisrW9sbhW3Szu7e/sHZvmwo6JEEtomEY9kz8eKciZoGxhw2oslxaHPadefXM/87gOVikXiDtKYuiEeCRYwgkFLnlkexGN2n1XrZ1NvwEQAqWdW7Jo9h7VKnJxUUI6WZ34NhhFJQiqAcKxU37FjcDMsgRFOp6VBomiMyQSPaF9TgUOq3Gx++tQ61crQCiKpS4A1V39PZDhUKg193RliGKtlbyb+5/UTCC7djIk4ASrIYlGQcAsia5aDNWSSEuCpJphIpm+1yBhLTECnVdIhOMsvr5JOveY0ao3b80rzKo+jiI7RCaoiB12gJrpBLdRGBD2iZ/SK3own48V4Nz4WrQUjnzlCf2B8/gDO7ZO7</latexit>

�(2)
1

<latexit sha1_base64="2WRFCdcR5M3SxKdWoGwkk0LdEgc=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSLUS0lEqseiF48V7Ac0MWy2m3bpZhN2N0qI/SlePCji1V/izX/jts1BWx8MPN6bYWZekDAqlW1/Gyura+sbm6Wt8vbO7t6+WTnoyDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDcYX0/97gMRksb8TmUJ8SI05DSkGCkt+WbFTUb0Pq85pxPfpTxUmW9W7bo9g7VMnIJUoUDLN7/cQYzTiHCFGZKy79iJ8nIkFMWMTMpuKkmC8BgNSV9TjiIivXx2+sQ60crACmOhiytrpv6eyFEkZRYFujNCaiQXvan4n9dPVXjp5ZQnqSIczxeFKbNUbE1zsAZUEKxYpgnCgupbLTxCAmGl0yrrEJzFl5dJ56zuNOqN2/Nq86qIowRHcAw1cOACmnADLWgDhkd4hld4M56MF+Pd+Ji3rhjFzCH8gfH5A81gk7o=</latexit>

�(1)
1

Does ϕ always admit a horizon? Yes, for all reasonable functions (or tame).

If ϕ is definable in a o-minimal structure, then it admits a horizon.
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Horizon function: illustration and conditions for existence

<latexit sha1_base64="mc25pIqjXtMZbWl6y4FttCHzhZo=">AAACAHicdVC7SgNBFJ31GeNr1cLCZjAISRN2guZRCEEbywjmAdk1zE5mkyGzD2ZmhbBs46/YWChi62fY+TdOkhVU9MCFwzn3cu89bsSZVJb1YSwtr6yurec28ptb2zu75t5+R4axILRNQh6Knosl5SygbcUUp71IUOy7nHbdyeXM795RIVkY3KhpRB0fjwLmMYKVlgbmoR2N2W1SRKW0aLtU4RI8h8iyBmbBKltzQE2QVTuraNJo1FGjDlFmFUCG1sB8t4chiX0aKMKxlH1kRcpJsFCMcJrm7VjSCJMJHtG+pgH2qXSS+QMpPNHKEHqh0BUoOFe/TyTYl3Lqu7rTx2osf3sz8S+vHyuv7iQsiGJFA7JY5MUcqhDO0oBDJihRfKoJJoLpWyEZY4GJ0pnldQhfn8L/SadSRtVy9fq00LzI4siBI3AMigCBGmiCK9ACbUBACh7AE3g27o1H48V4XbQuGdnMAfgB4+0T0IeUow==</latexit>

�(1)(�) = 100

<latexit sha1_base64="qISbHSCugKVLDYtdil89TsJuJEU=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWAR2k1I1NZmIRTduKxgH9DEMplO2qGTBzMTocQu/BU3LhRx62+482+cthFU9MCFwzn3cu89XsyokKb5oeUWFpeWV/KrhbX1jc0tfXunJaKEY9LEEYt4x0OCMBqSpqSSkU7MCQo8Rtre6GLqt28JFzQKr+U4Jm6ABiH1KUZSST19z4mH9CYtWeVJyfGIRGV4Bi2zpxdNw65VKscmNA1zBkVs27aqFWhlShFkaPT0d6cf4SQgocQMCdG1zFi6KeKSYkYmBScRJEZ4hAakq2iIAiLcdHb/BB4qpQ/9iKsKJZyp3ydSFAgxDjzVGSA5FL+9qfiX102kX3NTGsaJJCGeL/ITBmUEp2HAPuUESzZWBGFO1a0QDxFHWKrICiqEr0/h/6R1ZFhVo3p1UqyfZ3HkwT44ACVggVNQB5egAZoAgzvwAJ7As3avPWov2uu8NadlM7vgB7S3T2vrlHM=</latexit>

�(1)(�) = 10
<latexit sha1_base64="UAs+ToXtMwtZPls/3mGgkq7A9WM=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxCuwlJtbVZCEU3LivYBzSxTKaTdujkwcxEKLELf8WNC0Xc+hvu/BunbQQVPXDhcM693HuPFzMqpGl+aAuLS8srq7m1/PrG5ta2vrPbElHCMWniiEW84yFBGA1JU1LJSCfmBAUeI21vdDH127eECxqF13IcEzdAg5D6FCOppJ6+78RDepMWy6VJ0fGIRCV4Bi2zpxdMw65VKscmNA1zBkVs27aqFWhlSgFkaPT0d6cf4SQgocQMCdG1zFi6KeKSYkYmeScRJEZ4hAakq2iIAiLcdHb/BB4ppQ/9iKsKJZyp3ydSFAgxDjzVGSA5FL+9qfiX102kX3NTGsaJJCGeL/ITBmUEp2HAPuUESzZWBGFO1a0QDxFHWKrI8iqEr0/h/6RVNqyqUb06KdTPszhy4AAcgiKwwCmog0vQAE2AwR14AE/gWbvXHrUX7XXeuqBlM3vgB7S3T219lHQ=</latexit>

�(2)(�) = 10

<latexit sha1_base64="YCg6ZWqRej/sUIYOncrnXHSUuCE=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQbkISa9uNUHTjsoJ9QBPLZDpph04ezEyEEgr+ihsXirj1O9z5N07aCCp64MLhnHu59x4vZlRI0/zQlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut7kMvO7d4QLGoU3choTN0CjkPoUI6mkgX7oxGN6m5atyqzseESiCjyH1kAvmUatap/aZ9A0zDkyYtmNeh1auVICOVoD/d0ZRjgJSCgxQ0L0LTOWboq4pJiRWdFJBIkRnqAR6SsaooAIN52fP4MnShlCP+KqQgnn6veJFAVCTANPdQZIjsVvLxP/8vqJ9BtuSsM4kSTEi0V+wqCMYJYFHFJOsGRTRRDmVN0K8RhxhKVKrKhC+PoU/k86tmHVjNp1tdS8yOMogCNwDMrAAnXQBFegBdoAgxQ8gCfwrN1rj9qL9rpoXdLymQPwA9rbJ9eblCM=</latexit>

�(1)(�) = 1
<latexit sha1_base64="43VoRGUcTtS2z1af11sYCNMRHn0=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQbkISa9uNUHTjsoJ9QBPLZDpph04ezEyEEgr+ihsXirj1O9z5N07aCCp64MLhnHu59x4vZlRI0/zQlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut7kMvO7d4QLGoU3choTN0CjkPoUI6mkgX7oxGN6m5btyqzseESiCjyH1kAvmUatap/aZ9A0zDkyYtmNeh1auVICOVoD/d0ZRjgJSCgxQ0L0LTOWboq4pJiRWdFJBIkRnqAR6SsaooAIN52fP4MnShlCP+KqQgnn6veJFAVCTANPdQZIjsVvLxP/8vqJ9BtuSsM4kSTEi0V+wqCMYJYFHFJOsGRTRRDmVN0K8RhxhKVKrKhC+PoU/k86tmHVjNp1tdS8yOMogCNwDMrAAnXQBFegBdoAgxQ8gCfwrN1rj9qL9rpoXdLymQPwA9rbJ9kslCQ=</latexit>

�(2)(�) = 1

<latexit sha1_base64="ocvh9KW6RCw0Q4HBQICZ54I/R8A=">AAACAHicdVC7SgNBFJ31GeNr1cLCZjAISRNmg+ZRCEEbywjmAdk1zE5mkyGzD2ZmhbBs46/YWChi62fY+TdOkhVU9MCFwzn3cu89bsSZVAh9GEvLK6tr67mN/ObW9s6uubffkWEsCG2TkIei52JJOQtoWzHFaS8SFPsup113cjnzu3dUSBYGN2oaUcfHo4B5jGClpYF5aEdjdpsUK6W0aLtU4RI8hxZCA7OAymgOqImFamcVTRqNutWoQyuzCiBDa2C+28OQxD4NFOFYyr6FIuUkWChGOE3zdixphMkEj2hf0wD7VDrJ/IEUnmhlCL1Q6AoUnKvfJxLsSzn1Xd3pYzWWv72Z+JfXj5VXdxIWRLGiAVks8mIOVQhnacAhE5QoPtUEE8H0rZCMscBE6czyOoSvT+H/pFMpW9Vy9fq00LzI4siBI3AMisACNdAEV6AF2oCAFDyAJ/Bs3BuPxovxumhdMrKZA/ADxtsn0hqUpA==</latexit>

�(2)(�) = 100

<latexit sha1_base64="tAb008MqjVuVkrdrPb/J2f1gOf4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHjrxUDymJe9s0i0U3bI7A1kmXkaKkKHWLXx1ehFLQq6QSWpM23Nj9FOqUTDJJ/lOYnhM2YgOeNtSRUNu/HR28YScWqVH+pG2pZDM1N8TKQ2NGYeB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMn2f9ITmDOXYEsq0sLcSNqSaMrQh5W0I3uLLy6RxXvYq5crdRbF6ncWRg2M4gRJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfOtJBe</latexit>

�(1)
<latexit sha1_base64="Y7b00tj2Q5gPbGep8eRZW7I4jcw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx6MVjBfuB7VqyabYNTbJLkhXK0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kMvHrHHtFw9n/aLJbfizoFWiZeREmRo9ItfvUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3iKzqwyQGGkbEmD5urviRQLrScisJ0Cm5Fe9mbif143MeGVnzIZJ4ZKslgUJhyZCM3eRwOmKDF8YgkmitlbERlhhYmxIRVsCN7yy6ukVa14tUrt7qJUv87iyMMJnEIZPLiEOtxCA5pAQMIzvMKbo50X5935WLTmnGzmGP7A+fwB0DqQXw==</latexit>

�(2)
<latexit sha1_base64="jZfVO+lmxGJHDLYH9cwrOFum20o=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSpHosevFYwX5AG8Nmu2mXbjZhd6KE2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+TFnCmz72yisrW9sbhW3Szu7e/sHZvmwo6JEEtomEY9kz8eKciZoGxhw2oslxaHPadefXM/87gOVikXiDtKYuiEeCRYwgkFLnlkexGN2n1XrZ1NvwEQAqWdW7Jo9h7VKnJxUUI6WZ34NhhFJQiqAcKxU37FjcDMsgRFOp6VBomiMyQSPaF9TgUOq3Gx++tQ61crQCiKpS4A1V39PZDhUKg193RliGKtlbyb+5/UTCC7djIk4ASrIYlGQcAsia5aDNWSSEuCpJphIpm+1yBhLTECnVdIhOMsvr5JOveY0ao3b80rzKo+jiI7RCaoiB12gJrpBLdRGBD2iZ/SK3own48V4Nz4WrQUjnzlCf2B8/gDO7ZO7</latexit>

�(2)
1

<latexit sha1_base64="2WRFCdcR5M3SxKdWoGwkk0LdEgc=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSLUS0lEqseiF48V7Ac0MWy2m3bpZhN2N0qI/SlePCji1V/izX/jts1BWx8MPN6bYWZekDAqlW1/Gyura+sbm6Wt8vbO7t6+WTnoyDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDcYX0/97gMRksb8TmUJ8SI05DSkGCkt+WbFTUb0Pq85pxPfpTxUmW9W7bo9g7VMnIJUoUDLN7/cQYzTiHCFGZKy79iJ8nIkFMWMTMpuKkmC8BgNSV9TjiIivXx2+sQ60crACmOhiytrpv6eyFEkZRYFujNCaiQXvan4n9dPVXjp5ZQnqSIczxeFKbNUbE1zsAZUEKxYpgnCgupbLTxCAmGl0yrrEJzFl5dJ56zuNOqN2/Nq86qIowRHcAw1cOACmnADLWgDhkd4hld4M56MF+Pd+Ji3rhjFzCH8gfH5A81gk7o=</latexit>

�(1)
1

Does ϕ always admit a horizon? Yes, for all reasonable functions (or tame).

If ϕ is definable in a o-minimal structure, then it admits a horizon.

E.g. semianalytic, globally subanalytic, log-exp. This includes polynomials, power functions, exp,

log, and reasonable combinations of those...
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Horizon function: illustration and conditions for existence

<latexit sha1_base64="mc25pIqjXtMZbWl6y4FttCHzhZo=">AAACAHicdVC7SgNBFJ31GeNr1cLCZjAISRN2guZRCEEbywjmAdk1zE5mkyGzD2ZmhbBs46/YWChi62fY+TdOkhVU9MCFwzn3cu89bsSZVJb1YSwtr6yurec28ptb2zu75t5+R4axILRNQh6Knosl5SygbcUUp71IUOy7nHbdyeXM795RIVkY3KhpRB0fjwLmMYKVlgbmoR2N2W1SRKW0aLtU4RI8h8iyBmbBKltzQE2QVTuraNJo1FGjDlFmFUCG1sB8t4chiX0aKMKxlH1kRcpJsFCMcJrm7VjSCJMJHtG+pgH2qXSS+QMpPNHKEHqh0BUoOFe/TyTYl3Lqu7rTx2osf3sz8S+vHyuv7iQsiGJFA7JY5MUcqhDO0oBDJihRfKoJJoLpWyEZY4GJ0pnldQhfn8L/SadSRtVy9fq00LzI4siBI3AMigCBGmiCK9ACbUBACh7AE3g27o1H48V4XbQuGdnMAfgB4+0T0IeUow==</latexit>

�(1)(�) = 100

<latexit sha1_base64="qISbHSCugKVLDYtdil89TsJuJEU=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWAR2k1I1NZmIRTduKxgH9DEMplO2qGTBzMTocQu/BU3LhRx62+482+cthFU9MCFwzn3cu89XsyokKb5oeUWFpeWV/KrhbX1jc0tfXunJaKEY9LEEYt4x0OCMBqSpqSSkU7MCQo8Rtre6GLqt28JFzQKr+U4Jm6ABiH1KUZSST19z4mH9CYtWeVJyfGIRGV4Bi2zpxdNw65VKscmNA1zBkVs27aqFWhlShFkaPT0d6cf4SQgocQMCdG1zFi6KeKSYkYmBScRJEZ4hAakq2iIAiLcdHb/BB4qpQ/9iKsKJZyp3ydSFAgxDjzVGSA5FL+9qfiX102kX3NTGsaJJCGeL/ITBmUEp2HAPuUESzZWBGFO1a0QDxFHWKrICiqEr0/h/6R1ZFhVo3p1UqyfZ3HkwT44ACVggVNQB5egAZoAgzvwAJ7As3avPWov2uu8NadlM7vgB7S3T2vrlHM=</latexit>

�(1)(�) = 10
<latexit sha1_base64="UAs+ToXtMwtZPls/3mGgkq7A9WM=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxCuwlJtbVZCEU3LivYBzSxTKaTdujkwcxEKLELf8WNC0Xc+hvu/BunbQQVPXDhcM693HuPFzMqpGl+aAuLS8srq7m1/PrG5ta2vrPbElHCMWniiEW84yFBGA1JU1LJSCfmBAUeI21vdDH127eECxqF13IcEzdAg5D6FCOppJ6+78RDepMWy6VJ0fGIRCV4Bi2zpxdMw65VKscmNA1zBkVs27aqFWhlSgFkaPT0d6cf4SQgocQMCdG1zFi6KeKSYkYmeScRJEZ4hAakq2iIAiLcdHb/BB4ppQ/9iKsKJZyp3ydSFAgxDjzVGSA5FL+9qfiX102kX3NTGsaJJCGeL/ITBmUEp2HAPuUESzZWBGFO1a0QDxFHWKrI8iqEr0/h/6RVNqyqUb06KdTPszhy4AAcgiKwwCmog0vQAE2AwR14AE/gWbvXHrUX7XXeuqBlM3vgB7S3T219lHQ=</latexit>

�(2)(�) = 10

<latexit sha1_base64="YCg6ZWqRej/sUIYOncrnXHSUuCE=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQbkISa9uNUHTjsoJ9QBPLZDpph04ezEyEEgr+ihsXirj1O9z5N07aCCp64MLhnHu59x4vZlRI0/zQlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut7kMvO7d4QLGoU3choTN0CjkPoUI6mkgX7oxGN6m5atyqzseESiCjyH1kAvmUatap/aZ9A0zDkyYtmNeh1auVICOVoD/d0ZRjgJSCgxQ0L0LTOWboq4pJiRWdFJBIkRnqAR6SsaooAIN52fP4MnShlCP+KqQgnn6veJFAVCTANPdQZIjsVvLxP/8vqJ9BtuSsM4kSTEi0V+wqCMYJYFHFJOsGRTRRDmVN0K8RhxhKVKrKhC+PoU/k86tmHVjNp1tdS8yOMogCNwDMrAAnXQBFegBdoAgxQ8gCfwrN1rj9qL9rpoXdLymQPwA9rbJ9eblCM=</latexit>

�(1)(�) = 1
<latexit sha1_base64="43VoRGUcTtS2z1af11sYCNMRHn0=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQbkISa9uNUHTjsoJ9QBPLZDpph04ezEyEEgr+ihsXirj1O9z5N07aCCp64MLhnHu59x4vZlRI0/zQlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPQ4IwGpK2pJKRXswJCjxGut7kMvO7d4QLGoU3choTN0CjkPoUI6mkgX7oxGN6m5btyqzseESiCjyH1kAvmUatap/aZ9A0zDkyYtmNeh1auVICOVoD/d0ZRjgJSCgxQ0L0LTOWboq4pJiRWdFJBIkRnqAR6SsaooAIN52fP4MnShlCP+KqQgnn6veJFAVCTANPdQZIjsVvLxP/8vqJ9BtuSsM4kSTEi0V+wqCMYJYFHFJOsGRTRRDmVN0K8RhxhKVKrKhC+PoU/k86tmHVjNp1tdS8yOMogCNwDMrAAnXQBFegBdoAgxQ8gCfwrN1rj9qL9rpoXdLymQPwA9rbJ9kslCQ=</latexit>

�(2)(�) = 1

<latexit sha1_base64="ocvh9KW6RCw0Q4HBQICZ54I/R8A=">AAACAHicdVC7SgNBFJ31GeNr1cLCZjAISRNmg+ZRCEEbywjmAdk1zE5mkyGzD2ZmhbBs46/YWChi62fY+TdOkhVU9MCFwzn3cu89bsSZVAh9GEvLK6tr67mN/ObW9s6uubffkWEsCG2TkIei52JJOQtoWzHFaS8SFPsup113cjnzu3dUSBYGN2oaUcfHo4B5jGClpYF5aEdjdpsUK6W0aLtU4RI8hxZCA7OAymgOqImFamcVTRqNutWoQyuzCiBDa2C+28OQxD4NFOFYyr6FIuUkWChGOE3zdixphMkEj2hf0wD7VDrJ/IEUnmhlCL1Q6AoUnKvfJxLsSzn1Xd3pYzWWv72Z+JfXj5VXdxIWRLGiAVks8mIOVQhnacAhE5QoPtUEE8H0rZCMscBE6czyOoSvT+H/pFMpW9Vy9fq00LzI4siBI3AMisACNdAEV6AF2oCAFDyAJ/Bs3BuPxovxumhdMrKZA/ADxtsn0hqUpA==</latexit>

�(2)(�) = 100

<latexit sha1_base64="tAb008MqjVuVkrdrPb/J2f1gOf4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHjrxUDymJe9s0i0U3bI7A1kmXkaKkKHWLXx1ehFLQq6QSWpM23Nj9FOqUTDJJ/lOYnhM2YgOeNtSRUNu/HR28YScWqVH+pG2pZDM1N8TKQ2NGYeB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMn2f9ITmDOXYEsq0sLcSNqSaMrQh5W0I3uLLy6RxXvYq5crdRbF6ncWRg2M4gRJ4cAlVuIUa1IGBgmd4hTfHOC/Ou/Mxb11xspkj+APn8wfOtJBe</latexit>

�(1)
<latexit sha1_base64="Y7b00tj2Q5gPbGep8eRZW7I4jcw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx6MVjBfuB7VqyabYNTbJLkhXK0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kMvHrHHtFw9n/aLJbfizoFWiZeREmRo9ItfvUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46v3iKzqwyQGGkbEmD5urviRQLrScisJ0Cm5Fe9mbif143MeGVnzIZJ4ZKslgUJhyZCM3eRwOmKDF8YgkmitlbERlhhYmxIRVsCN7yy6ukVa14tUrt7qJUv87iyMMJnEIZPLiEOtxCA5pAQMIzvMKbo50X5935WLTmnGzmGP7A+fwB0DqQXw==</latexit>

�(2)
<latexit sha1_base64="jZfVO+lmxGJHDLYH9cwrOFum20o=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahXkpSpHosevFYwX5AG8Nmu2mXbjZhd6KE2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+TFnCmz72yisrW9sbhW3Szu7e/sHZvmwo6JEEtomEY9kz8eKciZoGxhw2oslxaHPadefXM/87gOVikXiDtKYuiEeCRYwgkFLnlkexGN2n1XrZ1NvwEQAqWdW7Jo9h7VKnJxUUI6WZ34NhhFJQiqAcKxU37FjcDMsgRFOp6VBomiMyQSPaF9TgUOq3Gx++tQ61crQCiKpS4A1V39PZDhUKg193RliGKtlbyb+5/UTCC7djIk4ASrIYlGQcAsia5aDNWSSEuCpJphIpm+1yBhLTECnVdIhOMsvr5JOveY0ao3b80rzKo+jiI7RCaoiB12gJrpBLdRGBD2iZ/SK3own48V4Nz4WrQUjnzlCf2B8/gDO7ZO7</latexit>

�(2)
1

<latexit sha1_base64="2WRFCdcR5M3SxKdWoGwkk0LdEgc=">AAAB+nicbVBNS8NAEJ34WetXqkcvwSLUS0lEqseiF48V7Ac0MWy2m3bpZhN2N0qI/SlePCji1V/izX/jts1BWx8MPN6bYWZekDAqlW1/Gyura+sbm6Wt8vbO7t6+WTnoyDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDcYX0/97gMRksb8TmUJ8SI05DSkGCkt+WbFTUb0Pq85pxPfpTxUmW9W7bo9g7VMnIJUoUDLN7/cQYzTiHCFGZKy79iJ8nIkFMWMTMpuKkmC8BgNSV9TjiIivXx2+sQ60crACmOhiytrpv6eyFEkZRYFujNCaiQXvan4n9dPVXjp5ZQnqSIczxeFKbNUbE1zsAZUEKxYpgnCgupbLTxCAmGl0yrrEJzFl5dJ56zuNOqN2/Nq86qIowRHcAw1cOACmnADLWgDhkd4hld4M56MF+Pd+Ji3rhjFzCH8gfH5A81gk7o=</latexit>

�(1)
1

Does ϕ always admit a horizon? Yes, for all reasonable functions (or tame).

If ϕ is definable in a o-minimal structure, then it admits a horizon.

E.g. semianalytic, globally subanalytic, log-exp. This includes polynomials, power functions, exp,

log, and reasonable combinations of those...

Explicit formula for separable potentials

If ϕ(β) =
∑d

i=1 h(βi) with h : R → R tame and even,

ϕ∞(β) ∝ lim
s→∞

1

s
h−1 [ϕ(sβ)]

8/10



Main result

min
β∈Rd

L(β) =

n∑
i=1

ln
(
1 + e−yi⟨β,xi⟩

)
I = {β∗ : yi ⟨β∗, xi⟩ ≥ 1 ∀i}
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Main result

min
β∈Rd

L(β) =

n∑
i=1

ln
(
1 + e−yi⟨β,xi⟩

)
I = {β∗ : yi ⟨β∗, xi⟩ ≥ 1 ∀i}

Theorem

The mirror flow iterates converge in direction towards β̄ satisfying

β̄ ∝ argmin
{
ϕ∞(β∗) : β∗ ∈ I

}
(provided that ϕ admits a horizon and that the argmin is nonempty)

Application: hyperbolic potential

ϕ(β) =
d∑

i=1

(
βiarcsinh(βi) −

√
β2
i + 1

)

ϕ∞(β) ∝ ∥β∥1

Implicit bias towards sparsity in diagonal neural nets

(known result, different proof)
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■ Building an understanding of optimization at infinity through horizon
function.

■ Convergence rates? Degenerate case?

■ Strong assumptions: ϕ is defined everywhere and coercive (excludes
− log(β), β log(β),−

√
β...)

Thank you ! (paper out on arXiv:2406.12763)
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